Abstract. We investigate the completeness of Hoare Logic on the propositional level. In particular, the expressiveness requirements of Cook's proof are characterized propositionally. We give a completeness result for Propositional Hoare Logic (
Introduction
As shown by Cook [5] , Hoare logic is relatively complete for partial correctness assertions (PCAs) over while programs whenever the underlying assertion language is sufficiently expressive. The expressiveness conditions in Cook's formulation provide for the expression of weakest preconditions. These conditions holds for first-order logic over ) , for example, because of the coding power of first-order number theory. Cook's proof essentially shows that in any sufficiently expressive context, the Hoare rules suffice to eliminate partial correctness assertions by reducing them to the first-order theory of the underlying domain.
Gurevich and Blass [3] separate Cook's construction into two steps: existential fixpoint logic gives sufficient expressibility for weakest preconditions; and if the domain is expressive, then firstorder logic reduces to existential fixpoint logic.
Cook's and Gurevich and Blass's investigations in Hoare Logic, like most, are carried out in a first-order (Tarskian) context [1, 2, 6] . However, one can formulate a propositional version, appropriately named propositional Hoare logic (0
& 1 3 2
) [10, 12] , and ask about the derivation of relationally valid rules of the form
is subsumed by other propositional program logics such as Propositional Dynamic Logic (0I P 2 ) [7] and Kleene algebra with tests (Q
S R T
) [9] , whose semantics is derived from relational algebra. In
, expressiveness is not an issue because weakest preconditions are explicit in the language: the weakest precondition for program We will also consider the following rules for incorporating propositional tautologies into PCAs: for any finite set of tests, is extended inductively to compound programs and propositions according to standard rules (see [13] 
Weakest Preconditions
To formulate our assumptions concerning weakest preconditions, we extend our assertion language with formulas of the form either . We assume that there exists an interpretation of these formulas in the underlying domain such that the following properties are satisfied:
These properties are axioms of
(see [13] ) and are related to properties of weakest preconditions for while programs [2] . Additionally, when reasoning in the presence of assumptions y , we will also postulate 5 Ù 
We use
to denote PCAs or extended PCAs.
The standard Hoare system consisting of the choice, composition, iteration, test, and weakening rules is trivially incomplete, even for relationally valid rules with atomic premises. For example, the and-and or-rules are not derivable, since it follows by induction on the length of proofs that without the or-rule, only atomic PCAs with stronger preconditions than those of the premises can be derived; similarly, without the and-rule, only atomic PCAs with weaker postconditions than those of the premises can be derived. However, if we add the and-and or-rules, we obtain completeness: is not derivable, since it follows by induction on the length of proofs that no atomic PCA can be deduced from non-atomic premises unless it is a test. However, we will be able to obtain completeness under certain assumptions on the expressiveness of the underlying assertion language.
To formulate this result, we define the Fischer-Ladner closure for extended PCAs as in
(see [13] We regard such an variously as a set or as a formula corresponding to the conjunction of its elements. The properties (iv)-(viii) ensure consistency with respect to (2)- (6) 
